Abstract. We prove several results connecting the stability of convex maps (defined on the unit ball of a Banach space) to the notion of K-space.
Introduction
This paper deals with the "Hyers-Ulam" problem of finding conditions under which an approximately subadditive (or convex) function must be near to a true subadditive (or convex) function. As far as we know, approximately convex maps were first studied by Hyers and Ulam [HU] . They considered ε-convex functions, that is, functions satisfying f (hx + (1 − h)y) ≤ hf (x) + (1 − h)f (y) + ε (0 ≤ h ≤ 1) and proved that to each ε-convex function defined on a convex subset S of an n-dimensional space there corresponds a convex g such that |f (x) − g(x)| ≤ K n ε, where K n is a constant depending only on n. The best known estimate is K n ≤ (1 + [log 2 n])/2; see [Ch, section 2] .
Later Casini and Papini [CP] gave a nice example showing that in the infinite dimensional case the stability theorem of [HU] does not hold. For a suitable convex bounded subset S of l 1 , they construct a parametric family of maps
holds for some convex g. Nevertheless, for each p there is a convex g such that
| is bounded on S since every f p has Lipschitz constant 1. (We shall see that there exist much more extreme counterexamples.) As is remarked in [CP] , the stability problem as stated is in some sense independent of the norm-topology of the underlying Banach space. This is due to the fact that the measurement of the degree of convexity of a given function is unrelated to the metric of the space and therefore the behavior of approximately convex maps can say almost nothing about the Banach space on which they are defined.
A way to avoid this problem is to consider functions defined on the unit ball of a given Banach space (a set which reflects the metric structure of the space).
We prove that X is a K-space if and only if every homogeneous ε-convex map B(X) (the unit ball of X) can be uniformly approximated by a convex one. Recall that a quasi-Banach space X is said to be a K-space [KPR, p. 82] if whenever Z is a quasi-Banach space containing a subspace L of dimension one with Z/L isomorphic to X, then L is complemented in X. By a result of Dierolf [Di] , a Banach space X is a K-space if and only if whenever
is an exact sequence of quasi-Banach spaces and operators in which Y is locally convex the middle space Z is also locally convex. For instance, B-convex spaces (i.e., Banach spaces having non-trivial type) and quotients of C(K) spaces are K-spaces ( [Ka] , [KR] ) while l 1 is not ( [Ri] ).
Thus if X fails to be a K-space (for instance, if X contains l n 1 uniformly complemented), then for every ε > 0 there exists an ε-convex map on B(X) that cannot be uniformly approximated by any convex map. We give a simple example for X = l 1 , whose finite dimensional versions show that, for the constants of Hyers and Ulam, one has K n ≥ 1/2 log 2 n, improving the results of [CP] . This also shows that the estimate of Cholewa K n ≤ (1 + [log 2 n])/2 quoted above is almost sharp.
As a complement, we prove that, to some extent, the stability of the triangle inequality is a characteristic property of K-spaces: X is a K-space if and only if for every absolutely homogeneous map f : X → R (f (tx) = |t|f (x)) which is "nearly convex" in the sense that
is equivalent to a (convex) norm on X (which may be not equivalent to the original norm of X).
Nearly convex functions and K-spaces
Recall that a mapping f : X → R is called quasi-linear if it is homogeneous and quasi-additive in the sense that
holds for some ε and all x, y in X. One has the following fundamental result (see [KPR, p. 90, Corollary 5.6] or [Ka, p. 257, Proposition 3.3] ).
Theorem 1. A Banach space X is a K-space if and only if to every quasi-linear map
We are ready to prove the following 
The hypothesis gives a convex g such that |f (x) − g(x)| ≤ K for some K and all x in B(X). It follows that for any convex combination of points of the unit ball one has
Using homogeneity one obtains the following property of f : if {x i } is a finite subset of X, then
. Then p is subadditive and satisfies that p(tx) = tp(x) for every x in X and all t ≥ 0. The Hahn-Banach theorem gives a linear functional
Taking into account that both L and f are odd maps, one arrives at
which completes the proof.
Example 3. For each ε > 0 there is an ε-convex homogeneous map on the unit ball of l 1 which cannot be uniformly approximated by any convex map. A concrete example is given by the Ribe map [Ri] as follows. Consider the map f : R → R given by f (t) = t log |t| (assuming that f (0) = 0). It is not hard to see that f is quasi-additive. In fact,
Now define a map on the finitely supported sequences of l 1 by
Clearly, F is homogeneous. Moreover,
so that F is quasi-linear. Using known techniques [KR] it can be extended to l 1 keeping quasi-linearity. Therefore the extension is also ε-convex on the unit ball for some ε. Let us estimate the distance between the restriction of F to B n (the unit ball of the subspace spanned by the first n vectors of the usual basis of l 1 ) and an arbitrary convex map. Let g : B n → R be a convex map such that
which yields d n ≥ log(n)/2 = log(2) log 2 (n)/2. This shows that F cannot be uniformly approximated by any convex map on the unit ball of l 1 and also that K n ≥ log 2 (n)/4.
Remark. Actually, tedious computations show that F is even log(2)-convex when restricted to B n ∩ {x ≥ 0}. This implies that K n ≥ 1/2 log 2 (n), improving (and not only asymptotically!) the result in [CP] .
Perturbation of norms
As a complement, we present the following theorem asserting that, in some sense, the stability of the triangle inequality is a characteristic property of K-spaces.
Theorem 4. A Banach space X is a K-space if and only if for every absolutely homogeneous (non-negative) mapping
is equivalent to a norm on X (which may not be equivalent to the original norm of X).
Proof. We first show the "only if" part (which surprisingly does not use quasilinear maps). Consider the functional x → x + f (x) defined on X. Clearly it is absolutely homogeneous. Moreover,
so that f + · is a quasi-norm and (X, f + · ) is a quasi-normed space. Obviously the formal identity T : (X, f + · ) → X is bijective and continuous. The space (X, f + · ) may not be complete: it is complete if and only if · dominates f , by the Open Mapping Theorem. Observe that (x n ) is a Cauchy sequence in (X, f + · ) if and only if lim n,m→∞
Thus, a Cauchy sequence in (X, f + · ) is a convergent sequence in X which is also a Cauchy sequence with respect to f . Let Z be the completion of (X, f + · ) (which always exists as a quasi-Banach space). Then T extend to a continuous operator Z → X (denoted also by T ) so that there is an exact sequence 0 → ker T → Z → X → 0.
We want to see that ker T is a Banach space (and not merely a quasi-Banach space). One needs a description of how T acts on Z. Take Taking t = f (x) one obtains that |f (x) − Lx| ≤ M x , which completes the proof.
Problem. Is it true that every ε-convex map defined on the unit ball of a K-space can be (uniformly) approximated by a convex one?
